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A B S T R A C T

Numerical experiments on vertical unsaturated flow using the Richards equation were conducted to examine the
physical basis of why storm runoff responses from mountainous watersheds in tectonically active regions could
be simulated by simple runoff models with a runoff-storage power-law relationship. Pressure head propagation
transmitted through vertical unsaturated flow could produce a rapid response of the outflow from bottom of the
soil column, regardless of the inherent soil hydraulic properties, similar to storm runoff responses observed on a
hillslope in a ‘constant allocation period’ when a large constant portion of rainfall is allocated to storm runoff.
Additional experiments were conducted both for an increasing stage of downward flux in response to increasing
rainfall intensity and for a recession stage without rainfall, to investigate the detailed characteristics of vertical
unsaturated flow. The creation of a wetting front during the increasing stage delayed the increase of outflow, but
this delay was small during a constant allocation period. An interdependent relationship between the outflow
rate and the total storage of the soil column throughout the recession stage was approximated by a power-law
equation derived from relationships between total storage and constant outflow under steady-state conditions.
The exponent of the power-law equation approached a maximum of unity as the column length decreased, and it
approached the minimum value obtained from the intrinsic relationship between soil hydraulic conductivity and
volumetric water content as the column length increased. The interdependence of the outflow rate with the total
storage generally detected only in the unsaturated zone might cause a low sensitivity of outflow responses to the
heterogeneities of soil hydraulic properties, justifying the application of simple runoff models in heterogeneous
mountain watersheds.

1. Introduction

Predicting stream runoff responses to large-magnitude storms is
critically important to mitigate severe flood hazards in tectonically
active regions, including Japan and other circum-Pacific regions
(Tsukamoto and Minematsu, 1987; Sidle et al., 2006; Sidle and
Bogaard, 2016). It was already found over a half century ago that storm
runoff responses could be roughly simulated by simple runoff models
(Sueishi, 1955; Nash, 1960; Sugawara, 1961), but we have not clearly
understood what hydrological processes dominantly control the re-
sponses (Fatichi et al., 2016; McDonnell et al., 2007; Montgomery and
Dietrich, 2002; Chifflard et al., 2019). It is difficult even now to de-
termine what watershed characteristics each parameter of such a simple
runoff model may physically reflect. Therefore, to couple studies on the
runoff model development with those on storm-runoff generation

mechanisms is still a fundamental subject in hydrological sciences.
In this paper, we try to examine the physical meaning included in a

model parameter by selecting the storage function model (SFM) pro-
posed by Kimura (1961). This lumped runoff model includes a power-
law relationship between storage and discharge as the core equation;
this model is the standard tool for projects undertaken by the Ministry
of Land, Infrastructure, Transport and Tourism (Project for the
Enhancement of Capabilities in Flood Control and Sabo Engineering of
the DPWH, 2002), and has been widely used throughout Asia
(Sugiyama et al., 1997; Park et al., 1999; Wu et al., 2011; Gopalan
et al., 2018). On the other hand, various types of runoff models em-
phasizing increasingly detailed hydrological processes have been pro-
posed in the past half century (Beven, 2012), but the relatively simple
application of the SFM suggests there are two kinds of general char-
acteristics (discussed below) included in watershed hydrological
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processes regardless of its simple and rather old-fashioned structure.
One characteristic provided by the SFM is derived from the concept

of ‘saturated rainfall’. The SFM assumes the area contributing to a storm
runoff response is limited to a portion of the watershed at the beginning
of a storm event, but that the contributing area is spatially extended by
a sequence of rainfall. Kimura (1975) defined saturated rainfall as the
cumulative rainfall at the time when the contribution area reaches the
entire watershed and considered that the ratio of rainfall allocated to
the storm runoff had a constant value, called as the saturated runoff
ratio (Park et al., 1999). This concept has been accepted in many stu-
dies on runoff analysis; a recent study by Supraba and Yamada (2015)
investigated storm runoff responses in 36 mountainous watersheds in
Japan and demonstrated that all the rainfall was allocated to storm
runoff after the cumulative rainfall reached the saturated rainfall in 23
watersheds, the value of which ranged from 81.8 mm to 170.9 mm. The
saturated runoff ratio may be regarded as unity for these watersheds.
However, this result should be checked because the simple concept

of saturated rainfall in the SFM was empirically obtained from runoff
analysis to simulate runoff responses to storms at a watershed scale and
did not specify detailed hydrological mechanisms at a hillslope scale
(Kimura, 1975). First, we have to consider that the value of runoff ratio
for storm runoff responses may be affected by the underestimation of
watershed-mean rainfall particularly in mountainous regions (Tani,
1996; Arnaud et al., 2011). Even though the rainfall records are suffi-
ciently accurate, the runoff ratio should be lower than unity; this is
caused both by forest-canopy interception during a storm event
(Murakami, 2006) and leakage into the deep underground structure
where groundwater does not contribute to storm runoff response
(Katsuyama et al., 2008).
From this perspective, we refer to a sprinkler experiment conducted

in watershed CB1 in Oregon Coast Range, USA (Montgomery et al.,
1997; Anderson et al., 1997; Torres et al., 1998). Sprinkled water was
supplied at constant intensity onto a small unchanneled watershed for
several days, and runoff reached a constant rate although the rate per
unit watershed area was lower than the rainfall intensity due to losses
including evapotranspiration and infiltration into the underlying bed-
rock. However, the actual input rate of the sprinkled water had a
diurnal oscillation due to an influence of evapotranspiration and this
was reflected by a gentler diurnal oscillation in the output runoff rate,
and the period with constant runoff rate was called as ‘quasi-steady
state’ (Montgomery et al., 1997) This result suggested that such a
period is important for analyzing runoff generation mechanisms even if
the runoff ratio is less than unity and the input rainfall is not with a
constant intensity. Certainly, the concept of saturated rainfall was only
empirically obtained from runoff analyses by the SFM, but the period,
when the rainfall exceeds the saturated rainfall, may contribute to an
elucidation of complex storm runoff mechanisms because we can as-
sume the stormflow contribution area does not change anymore. Hence,
we define ‘constant allocation period (CAP)' as the period when a large
constant portion of rainfall is allocated to storm runoff. Our analysis in
this paper focuses on stormflow generation processes only in CAP to
avoid the complexity derived from the temporal and spatial variability
of stormflow contributing area (Hewlett and Hibbert, 1967).
The second characteristic of SFM assumes that the functional re-

lationship between the runoff rate and storage is a simple power-law
equation, which can be described with the continuum equation as:

=S kqf f
p

(1)

=
dS
dt

r qf
f (2)

where Sf and qf are the watershed storage (L) and the runoff rate (L
T−1) per unit watershed area calculated by SFM, r is the rainfall in-
tensity (L T−1), and p (dimensionless) and k (L1-p Tp) are empirical
parameters. Eqs. (1) and (2) imply that runoff rate can be obtained from
watershed storage by a one-to-one relationship, and the equation set

composed of Eqs. (1) and (2) included in SFM is hereinafter referred to
as SFE in this paper. Hysteresis between storage and runoff has been
already recognized since the original proposal of SFM (Kimura, 1975),
and the one-to-one relationship can only be an approximation. Never-
theless, the SFE has been included as a component in many runoff
models including the Tank model (Sugawara, 1961, 1995), HBV model
(Bergström and Forsman, 1973), HYCYMODEL (Fukushima and Suzuki,
1988; Tani et al., 2012), and the NAM model (Madsen, 2000). There-
fore, a major question in hillslope hydrology is why a simple equation
set like SFE provides adequate descriptions of runoff responses despite
the litany of stormflow generation mechanisms identified by previous
studies.
These two characteristics of SFM may suggest that a CAP is created

in response to a large magnitude storm, where cumulative rainfall ex-
ceeds saturated rainfall, and that the temporal change in runoff (hy-
drograph) produced from the rainfall (hyetograph) may be approxi-
mated by SFE. Considering only the CAP, we can focus on analyzing the
simple conversion process from the hyetograph to the hydrograph
within the fixed runoff contribution area. Our paper aims to elucidate
the hydraulic mechanism at the hillslope scale that produces storm-
runoff responses approximated by SFE.
Because rainfall at the ground surface is a parallel vertical flux of

water moving under the influence of gravity, the first process of water
movement on a hillslope may usually occur as a vertical infiltration,
although the flow direction is somewhat modified by heterogeneous
soil physical properties (Noguchi et al., 1999; Sidle et al., 2000; Retter
et al., 2006). Of course, above-ground and soil-surface heterogeneities
may disturb the parallelism: for example, the throughfall and stem flow
in forest may generate a bypass flow within a preferential path (Nanko
et al., 2010, Liang et al., 2011). Similarly, ground surfaces with a low
permeability may promote the generation of infiltration-excess over-
land flow (Miyata et al., 2009). Such quick flows may contribute to the
stormflow generation even if the soil matrix remains dry (Liang et al.,
2009; Dusek et al., 2012). In a CAP, when most of the rainwater con-
tributes to storm runoff responses, however, it is unrealistic to assume
that all the storm runoff volume is produced only by preferential and/or
overland flows. Important contributions of the soil matrix to storm
runoff responses have been suggested also from many field studies
showing that a large portion of the stream water during a storm event is
occupied by the pre-event water (Pearce et al., 1986; Gomi et al., 2010;
Iwasaki et al., 2015). Consequently, we estimate that rainwater first
infiltrates vertically into the soil, and then lateral flow is generated at
some depth due to decreasing permeability with depth (Beven, 1984).
Each contribution of the vertical or lateral flow components may be
controlled by various hillslope properties (Buttle and McDonald, 2002;
Ebel et al., 2007; Mirus and Loague, 2013), and it is important to se-
parately quantify the effects of each component on the storm runoff
responses.
In a CAP, vertical and lateral flows both in the soil-matrix and

preferential paths actively contribute to the storm runoff response as
schematically illustrated in Fig. 1 because a large constant portion of
the rainfall is allocated to the storm runoff. Among these flow compo-
nents, this paper mainly focuses on elucidating the contribution of
vertical flow component in the soil matrix to storm runoff responses
through numerical experiments using the Richards equation. Naturally,
the contribution of preferential flow should be also evaluated, and the
vertical flow should be coupled with lateral flow, in order to completely
understand stormflow generation mechanism on a hillslope. However,
it is important to initially specify the role of vertical unsaturated flow
(VUF) first because it has not been adequately understood (Tani, 1985a;
Dusek et al., 2012). We will make some discussion in Sections 4.2 and
4.3 on effects of heterogeneities with preferential paths and inter-
relationship between vertical and lateral flow systems.
Before we investigate the role of VUF in storm runoff responses, we

have to examine whether the application of SFE to runoff responses in
CAPs at a watershed scale can be applied also at a hillslope scale. This
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assessment is important because scale issues derived from spatial dif-
ferences from hillslopes to watersheds have been widely discussed in
hydrology (Blöschl and Sivapalan, 1995; Sivapalan, 2003; McGuire
et al., 2005; Clark et al., 2009; Asano et al., 2009; Sidle et al., 2017).
Hence, we reanalyzed a hydrometric observation on a steep planar
hillslope with a thin soil layer in Appendix 1 before we begin our main
investigation using the numerical experiments by the Richards equa-
tion. Parameter values of p and k in Eq. (1) obtained from the appli-
cation of SFE to the hillslope observational result will be used as a
criterion to determine whether the VUF can produce storm runoff re-
sponses.

2. Method of numerical experiments

2.1. Fundamental equation

The vertical unsaturated flow (VUF) occurs as the first stage of
stormflow generation on forested hillslopes as long as the soil layer is
not fully saturated. We conducted numerical experiments using the one-
dimensional vertical form of Richards equation for VUF in the soil
column:

= +C
t z

K
z

1
(3)

where K is the hydraulic conductivity (L T−1), C is the specific water
capacity defined as d d/ (L−1), ψ is the pressure head (L), θ is the
volumetric water content (dimensionless), and t is time (T). The origin
is placed at the bottom of the soil column, and the vertical z-axis is
positive in the upward direction.
The boundary conditions at the column surface is set as:

=f r (4)

where r is the rainfall intensity (L T−1), and f is the vertical water flux
(L T−1) defined by Darcy’s law as:

= +f K
z

1
(5)

The boundary condition at the column bottom is set to a seepage
face, in which the outflow rate is calculated by a pressure head of zero
at a saturated bottom condition with the rate remaining at zero for
negative pressure head conditions. Because we focus our analysis on
VUF only during CAP, ψ at the column bottom is always zero, indicating
that the groundwater table is fixed to the bottom. This assumption
might be unrealistic for a rising groundwater table, but issues on the
interactions between saturated and unsaturated zones are discussed in
Section 4.3.
A versatile software, HYDRUS 1D (Šimůnek et al., 2013), was

adopted to get numerical solutions of the Richards equation. A physi-
cally-based Kosugi (1996) model was selected to define soil hydraulic
properties for the solutions because this model is derived from pore-size
distribution and suitable for our purpose of parameter identification for
forest soils with abundant macropores:

+ = +S Q( ) ( )
ln( / )

s r e r s r
m

r
(6)

= × +K K Q Q
ln( / ) ln( / )

s
m m

1/2 2

(7)

where θs and θr are the saturated and residual water contents (di-
mensionless), Se is the effective saturation (L3 L-3), ψm is the pressure
head calculated from the median pore radius, σ is the standard devia-
tion of the log-normal distribution of soil pore radius (dimensionless),
and Q is the complimentary normal distribution function.
Note that our solutions of Eq. (3) are the temporal changes in spatial

distributions of hydraulic variables (ψ, θ, and K) and flux in the vertical
soil column, and that the outflow rate from the bottom can be calcu-
lated from the solutions. The runoff rate from the downslope end of the
soil layer cannot be estimated from our numerical experiments because
the hydraulic formula for lateral flow is not given. Regarding this
limitation of ignoring lateral flow, it should be emphasized that hy-
draulic characteristics of lateral flow system including preferential flow
paths have yet to be quantified because of their heterogeneous dis-
tributions in the soil layer even though the observational findings
generally showed their important roles in quick drainage of the
groundwater (Anderson et al., 1997; Sidle et al., 2000; Uchida et al.,
2003) (see the discussion in Section 4.3). Hence, it may be important as
an initial step for our comprehensive understanding of hillslope runoff
responses to identify hydraulic behaviour in the unsaturated zone be-
cause outflow from this zone promotes subsequent lateral flow.

2.2. Soil hydraulic properties

To examine the physical basis why storm runoff responses can be
widely simulated by the SFE in CAPs, it is desirable to compare the
results of VUF calculated from the Richards equation using many types
of soil hydraulic properties and various heterogeneous structures
composed of the plural soil types. In this paper, we addressed this ex-
amination by selecting small numbers of different soil types to save a lot
of energy for the comparison. For this purpose, we used five soils with
homogeneous hydraulic properties: two soil types (SA and SB) were
derived from the soil layer on a study hillslope (SL: 0.05 ha) (see
Appendix 1). One typical forest soil (CR), one loamy soil (LM), and one
soil substituted for preferential flow network (PF) were also used for
our analysis. In addition, we discussed dependences of the VUF on three
different stratified soil structures. The parameters of soil hydraulic
properties used for our numerical experiments are listed in Table 1. The
relationships of θ and K to ψ are plotted in Fig. 2(a) and (b), respec-
tively, where the axis of ψ is given in a logarithmic scale because the
relationships near the saturation should be emphasized when analyzing
the behaviour in CAPs with relatively wet soil conditions.

Fig. 1. Schematic diagram for hillslope flow processes contributing to storm
runoff responses in a CAP.
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Two soils, SA and SB, were estimated by Tani (1997) for soils at
10 cm depths the plots of which were 11.0 m (called T4) and 1.2 m
(called T1) upslope from the hillslope bottom of SL with the length of
42.7 m. Because the thin soil layer at SL was not clearly stratified, we
tried to simulate the pressure head values observed at 10, 30, and 50 cm
depths at T4 by combining these two soils as described in Section 3.1.
CR was one of the average crumb structure soils selected from a

catalogue for forest soil in Japan using the 282 samples (Mashimo,
1960), and LM was one of the average loamy soil taken from Mualem's
(1976) catalogue. Parameters of soil hydraulic properties in Eqs. (6)
and (7) for CR and LM were determined based on a characterization
study on forest soil by Kosugi (1997a, 1997b) (Table 1a).
One additional soil PF was chosen to examine effects of preferential

path network on VUF using the Richards equation, based on a dual-
continuum model (Gerke and van Genuchten, 1993) developed to as-
sess infiltration processes in vertical columns consisting of soil matrix
and preferential flow domains. In this model, the preferential path
network was substituted for one type of soil filled with relatively coarse
particles eroded from the matrix (Vogel et al., 2010), and the soil hy-
draulic properties given for such a soil by Dusek et al. (2012) was also
selected for PF. The values of parameters α (L-1) and n (dimensionless)
in the following van Genuchten (1980) model are listed in Table 1b.

= + + ( )( )[1 ( ) ]r s r
n n1 1

(8)

= ( )K K S S1 1s e e
n0.5 1 1 2

n
n 1

(9)

The hydraulic properties for PF can be well fitted also by Kosugi
model as PFKos (Fig. 2), the parameter of which are listed in Table 1a.
The value of ψm for PFKos will be used for a discussion in Section 3.5.
We should note that because PF represents only one type of pre-

ferential paths with a small amount of fine particles, flow in other types,
including pipe-like preferential paths, may give different effects on the
VUF. General effects of heterogeneities including preferential paths on
the VUF is discussed in Section 4.2.
We also selected three types of stratified soil structures to consider

the effects of heterogeneous soil structure on VUF. One was LSA con-
sisting of LM at depths of 0–20 cm and 50–70 cm, with SA between
these layers. Another stratified structure (KES) was composed of seven
layers, each with a depth of 10 cm. The properties of KES were mea-
sured in a forested hillslope at Kamigamo Experimental Station in
Kyoto, Japan (Liang et al., 2009; Table 1c), and hydraulic properties of
KES are inserted into Fig. 2. The third soil structure, SAB, was a com-
bination of SA for the depth of 0–12 cm and SB for the depth of
12–70 cm.
The ranges of parameter space considered by Mirus and Loague

(2013) in an investigation of runoff generation mechanisms are iden-
tified in Fig. 2 to secure the generality of our numerical experiments.
The ψ-K relationships in in Fig. 2b correspond approximately with the
range by Mirus and Loague (Fig. 2b), but ψ-θ relationships for CR, PF,
and soils included in KES extend beyond the range near saturation
(Fig. 2a). However, note that differences between θs and θr for CR and
soils in KES are similar to our other soil types and may control the
behaviour of VUF through the value of C (= d d/ ) in our fundamental
Eq. (3). Hence, the absolute values of θs and θr are not important to the
simulation results. A large value of 0.59 in the difference of θs and θr for
PF can be regarded reasonable because of the existence of preferential
flow paths. Thus, we can conclude our experiments can generally de-
scribe the basic behaviour of VUF in CAP although the numbers of soil
types tested are limited.

2.3. Design of experiments

Six types of numerical experiments were designed for this study.
First, we conducted a comparison of results calculated through VUF
with those observed in the SL (Exp. 1). The next two types of experi-
ments aimed to determine detailed characteristics of VUF in CAP
through calculations pertaining to an increasing stage that followed an
initial steady state during transition to another steady state with higher
rainfall intensity (Exp. 2) and a recession stage without rainfall fol-
lowing a steady state response to a constant rainfall (Exp. 3).
Experiment 4 was added to examine the characteristics of VUF under

Table 1
Sol hydraulic properties used for the numerical experiments.

(a) SA, SB, CR, LM, and PFKos by Kosugi Model.

Soil θr θS ψm (cm) σ Ks (10−3cms−1)

SA 0.20 0.42 −10 1.7 5.0
SB 0.23 0.37 −20 1.6 5.0
CR 0.32 0.62 −25 1.6 30.0
LM 0.18 0.48 −180 1.1 0.5
PFKos 0.01 0.60 −25 0.7 58.0

(b) PF by van Genuchten model.

Soil θr θs α (cm−1) n (10−3cms−1)

PF 0.01 0.60 0.05 3.0 58.0

(c) Soils consisting of KES by Kosugi model.

Depth(cm) θr θS ψm σ Ks (10−3cms−1)

0–10 0.060 0.217 −157.243 2.923 82.20
10–20 0.159 0.344 −39.373 2.621 122.00
20–30 0.242 0.373 −15.209 1.722 28.80
30–40 0.239 0.323 −20.561 1.559 15.10
40–50 0.224 0.274 −29.882 1.712 11.00
50–60 0.139 0.202 −68.674 1.936 10.40
60–70 0.150 0.182 −17.785 1.087 6.18

Fig. 2. Soil hydraulic properties used for the numerical experiments. (a):
Relationship of volumetric water content, θ, to pressure head, ψ. (b):
Relationship of hydraulic conductivity, K, to ψ. Parameter values are listed in
Table 1. The range indicated by the pink dotted lines shows the parameter
spaces used for the concept-development simulations by Mirus and Loague
(2013).
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steady state conditions in response to rainfall with various constant
intensities. The length of the soil column for experiments 1, 2, 3, and 4
was constant (70 cm). As shown later, the relationship of soil-column
storage to the outflow rate during the recession stage was closely as-
sociated to a string of the relationships under steady state conditions. In
addition, Experiments 5 and 6 were conducted to ascertain the meaning
of parameter p in SFE as well as to identify dependences of VUF on soil-
column depth. Evaporation was assumed to be negligible in all the
experiments because our target was to examine only stormflow re-
sponses.

3. Experiment results

3.1. Comparison with field observations

The final stage of the 1987 storm observed at the SL shown in Fig.
A4 was targeted for our comparison in Exp. 1 because this period can be
estimated as a CAP due to enough amount of cumulative rainfall (see
detailed description of this storm event in Appendix 1). Although
comparisons focused on the responses in a CAP, calculations started at
the onset of this July 14 storm: the initial condition of ψ was zero at the
base of the soil column and the vertical distribution in the column was
set at hydrostatic equilibrium. The results calculated by eight soil
structures consisting of SA, SB, CR, LM, PF, LSA, KES, and SAB are
shown in panels (a) to (h) of Fig. 3. The upper panels, (a1) to (h1),
illustrate the observed rainfall intensity, r, the observed runoff rate, qb,
and the calculated outflow rate from the soil-layer bottom, u. The lower
panels (a2) to (h2) show the observed and calculated ψ values at 10, 30,
and 50 cm depths. The runoff rate, qf, calculated by SFE with p and k of
0.3 and 27 mm0.7 h0.3, also plotted in Fig. A4, is inserted to the panel
(a1).
Rapid propagation of the pressure head in the soil columns was

commonly found in the observed and calculated values, and all the
calculated hydrographs of outflow rates exhibited similar timescales to
the storm runoff hydrographs observed in SL and calculated by SFE
(Fig. 3). However, the magnitude of the delay and smoothing for the
calculated results depended on the soil types, and the peak outflow
rates in descending order were KES, LM, LSA, PF, SB, SAB, CR, and SA.
The observed peak runoff rate and that calculated by SFE were almost
the same and located between the peak outflow rates for CR and SA.
Interestingly, LM, with the lowest Ks value, produced a high runoff peak
although the highest Ks value was represented by PF. Hence, the out-
flow responses never reflected the magnitude of Ks, but were dependent
on the hydraulic characteristics of VUF, which were controlled by re-
lationships among ψ, θ, and K.
The calculated distributions of ψ for SAB in Fig. 3(h2) compared

well with those observations, but this is obvious because this combi-
nation of these soils was tuned by a trial and error to get a compara-
tively good result. It should be rather noted that the local distributions
of hydraulic variables were sensitive to soil hydraulic properties and
stratified structures (Fig. 3, lower panels). A more important finding
derived from this experiment was that temporal changes of uwere rapid
enough to produce the observed storm runoff response, regardless of
soil structure.
The peak of each calculated outflow, with the exception of SA, was

higher than the peak of the observed runoff, and its time of occurrence
coincided closely to those observed for most of the soil structures
(Fig. 3); however, both CR and SA exhibited a slightly later time of
occurrence. Because the subsequent lateral flow was added to the VUF
for hillslope runoff discharge, we have to consider an additional change
of the hydrograph through lateral flow; nonetheless, these results sug-
gest this change may be generally small (Fig. 3).
Some areas on the SL hillslope have very thin soil, and the un-

saturated zone may become thinner than the depth of the soil layer near
the hillslope toe because the accumulation of water there causes a rise
of groundwater table. Consequently, these zones may contribute to the

generation of higher outflow peaks and earlier times of occurrence.
Although effects of these heterogeneities on runoff responses are taken
into consideration, it should be emphasized that the process of pressure-
head propagation through the VUF (Fig. 3) can substantially contribute
to the production of rapid storm runoff responses in a CAP. This occurs
even though various flow components, including infiltration-excess and
saturation-excess overland flows and preferential flow in the soil and
weathered-bedrock layers may also contribute to the generation of
storm runoff on a hillslope.

3.2. Summary of experiments with constant rainfall intensities

A large contribution of VUF to storm runoff responses was suggested
from our comparison of the results from Exp. 1 with those observed on a
hillslope. The next experiments attempted to further investigate the
detailed distributions of hydraulic variables within a soil column and to
elucidate whether the outflow rate produced through VUF can be
generally approximated by the runoff rate (qf) produced by the SFE.
Consequently, Exps. 2 and 3 focused on responses to simpler rainfall
conditions with constant intensities instead of conditions existing in a
natural storm (i.e., Exp. 1).
Experiment 2 was conducted for a transient increasing stage from an

initial steady state with a constant rainfall of 1 mm h−1 to a new steady
state with a constant rainfall of 10 mm h−1. This was selected as an
example of hydrological responses to an increase in rainfall intensity
during a CAP after the entire soil layer already became wet during large
cumulative rainfall. Experiment 3 examined the recession stage after a
steady state with constant rainfall of 10 mm h−1.
Soil column length, soil type, and stratified structure in both Exps. 2

and 3 were the same as those for Exp. 1. Temporal changes in u cal-
culated for each soil structure and changes in qf calculated by SFE using
the same parameter values as Exp. 1 are plotted in Fig. 4. Temporal and
spatial distributions of hydraulic variables including ψ, θ, K, and
downward flux (fd) are illustrated in Fig. 5 to allow examination of the
detailed hydrological behaviour in each soil column with different
structures,
Fig. 6 shows the relationships of storage, S, to u, where S is defined

as the storage (L) of the column of length of D (L):

=S dz
D

0 (10)

Sd in Fig. 6(a) represents the storage of transient water, defined as:

=S S Sd 0 (11)

where S0 is the storage at hydrostatic equilibrium with ψ at the column
bottom of zero as:

= =S z dz( )
D

0 0 (12)

The Sf for SFE calculated from qf in Eq. (1) is also plotted in
Fig. 6(a). Fig. 6(b) shows the relationship in a log–log scale using the
dimensionless ratio, S*, of Sd to the total storage of transient water,
defined as:

=S S
S S

d

s 0 (13)

where Ss is the storage at full saturation of the soil column and defined
as:

=S Ds s (14)

Both S* and u, the outflow rate from the soil-layer bottom, decrease
toward zero because evapotranspiration is neglected in our numerical
experiments, and the maximum of S* is unity in response to the max-
imum of u, equal to Ks. Hence, this definition of S* can provide a useful
methodology for a comparison of the calculation results between VUF
with SFE during the recession stage.
In addition to the results from Exp. 3, the values of S* at steady state
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in response to a constant r intensity, obtained from Exp. 4, are plotted
in Fig. 6(b). Lines inserted there are the gradients in the power law
relationships between qf and Sf given by p values in Eq. (1).

3.3. Increasing stage from an initial steady state to another with higher
rainfall intensity

The order of increasing time at which outflow begins to increase
(called hereinafter ‘increasing start time’) was LM, PF, KES, CR, LSA,
SB, SAB, and SA (Fig. 4). However, the timing to approach a new
steady-state rate of 10 mm h−1 differed due to differences in the rate of
increase for each calculation: a relatively rapid increase is shown in the
curves of KES, LSA, SB, SAB, and SA. In contrast, a gentle rate of

increase occurred in LM, PF, and CR. Hence, hydrographs may reflect
differences in the pressure head propagation among various soil
structures.
Effects of each soil structure on the distributions of variables, ψ, θ,

and K and flux fd are presented in Fig. 5. In the case of SA, where u
increased rapidly, almost the entire soil column exhibited constant
values of ψ, θ, and K except for a thin zone near the bottom when the
column was under the initial and final steady states in response to the
two rainfall intensities of 1 and 10 mm h−1. In contrast, soil structure
LM lacked zones with any constant values of these variables under both
steady states, and increases in the values of these variables were
smoothly transmitted from the surface to the bottom of the soil column,
resulting in the early increasing start time of u (Fig. 4). However, the

Fig. 3. Temporal changes for a storm event in July 1987 in the observed rainfall intensity, runoff rate at the SL, and the calculated outflow rate (panels a1 to h1), and
temporal changes in the observed and calculated pressure head values at 10, 30, and 50 cm depths (panels a2 to h2). The runoff rate, qf, calculated by SFE (p= 0.3
and k = 27) is inserted to the panel (a1). Symbol in each of panel a1 to h1 indicates the soil structure used in the calculation.
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increasing curve for LM was much gentler than that for SA and the time
when it attained the new steady state with 10 mm h−1 was not much
different.
To understand the hydraulic behaviours that depend on soil hy-

draulic properties (as shown for SA and LM), we investigated the the-
oretical structure of Eq. (3) with a homogeneous soil structure. The
effects of advection and diffusion on hydraulic behaviours are re-
presented by the first and second terms on the right-hand side of
Darcy’s law (included in Eq. (3)) and rewritten from Eq. (5) as:

= +f f K K
zd (15)

Because the diffusion term is zero within the zone with constant
hydraulic variables that was created in the upper portion of the soil
column, the constant value of ψ is calculated from r by assigning r to K
in Eq. (15). If the diffusion term can be negligible, the Richards equa-
tion in Eq. (3) is converted to the following continuity equation:

=
t

C
t

K
z (16)

When rainfall intensity increases from r1 to r2, the zone with flux r2
is extended downward with velocity, va (Smith, 1983; Torres et al.,
1998) and described as follows:

=
= =

v r r
K r K r( ) ( )a

2 1

2 1 (17)

When applying the equation to the VUF for SA, va is 18.7 cm h−1

because r1, r2, =K r( )1 , and =K r( )2 are 1 mm h−1, 10 mm h−1,
0.338, and 0.386, respectively, and the propagation time for the 70 cm
column was calculated as 3.7 h, suggesting the assumption of advection
in Eq. (16) may be acceptable for SA (Figs. 4 and 5). Therefore, a large
delay of the increasing start time of u in Fig. 4 was caused by a small
value of va.
When each of the variables ψ, θ, and K are controlled only by the

advection term, a sharp wetting front below the zone with constant
values of hydraulic variables would be delineated as a horizontal line in
each of panels (a) to (e) of Fig. 5. However, the actual wetting front in
each panel was more or less smooth, caused by the diffusion term.
Furthermore, the value of each hydraulic variable decreased with in-
creasing depth along the wetting front. The distribution of ψ near the
bottom of the column approached the hydrostatic-equilibrium line
passing through ψ= 0 at the bottom, and the value of each variable

increased with increasing depth. Hence, the distribution of ψ has an
inflection point at =z/ 0 between the two reverse curves (Fig. 5).
Consequently, the distributions of hydraulic variables in the soil

column in an increasing stage can be segmented into three zones. The
near-surface zone with constant values for the variables is controlled
only by the advection term. The second and third zones are divided by
the inflection point and both controlled by advection and diffusion
terms. However, u does not begin to increase unless the inflection point
of ψ departs from its original distribution under the initial steady state,
where the downward flux, fd, remains equal to the initial outflow rate of
1 mm h−1. Therefore, for soil types such as SA where a large rainwater
is absorbed in the first and second zones, the inflection point departing
from the original distribution is deep, and the increasing start time of u
is late (Figs. 4a, 5a1). After the inflection point departs from its original
distribution, the increase of ψ at the inflection point is transmitted to
the bottom due to an effect of the diffusion term, and u rapidly increases
from the initial rate to the final steady state.
On the other hand, for soil types such as LM (Fig. 5d1) where the

near-surface zone controlled by the advection term is hardly produced,
the inflection point of ψ created at a shallow depth rapidly departs its
original distribution. Hence, u rapidly begins to increase but the in-
creasing velocity is low because most of the rainwater supplied from the
surface is allocated to storage increase throughout the soil column and
only a small portion of the storage increase is discharged as u (Figs. 4a,
5d2). Accordingly, the interdependence between u and storage volume
may cause a gradual increase of u. Indeed, Fig. 4 demonstrates that the
runoff rate, qf, calculated by SFE, was the most gradual increase, be-
cause a large portion of the rainwater was allocated to storage, Sf, from
the beginning of increasing stage due to the one-to-one relationship
between qf and Sf in Eq. (1).
Consequently, the VUF in the increasing stage during a CAP may

produce a different outflow response from the storm runoff response
calculated from SFE because a delay for the increasing start time of u is
created in the former but not in the latter. Nonetheless, the total time
necessary for outflow increase is enough short and similar to that for
storm runoff responses not only calculated by SFE but also observed on
a hillslope (Figs. 3 and 4). However, the short timescale similar to storm
runoff responses is generated only during CAPs but much longer
timescale is needed when the initial soil condition is dry. This issue will
be discussed in Section 4.1.
Next, let us compare the behaviours of VUF and their contributions

to the outflow responses among soil types. Fig. 6a shows that the in-
crease of Sd for each soil type is constructed of two portions represented
by a dashed line and dashed-dotted line. The former represents a ver-
tical line without an increase in u because the inflection point of ψ has
not yet departed from its original distribution under the initial steady
state. On the other hand, the latter represents an inclined curve because
the inflection point has already departed from the original distribution
and the storage increase is accompanied by an increase in u. The in-
creasing patterns of u for the homogeneous soil structures in Fig. 4 are
explained by the distributions of volumetric water content in Fig. 5 as
follows: the earlier increasing start time for SB compared to SA is
caused by its smaller difference of θ between the two steady state
conditions (panels a2 and b2), resulting in a larger va in Eq. (17). A
comparatively shallow inflection point of ψ (panel e1) for PF coincided
with a gentle increase of u in Fig. 4. The curve of u in CR in Fig. 4 with a
late increasing start time and a gentle curve may result from the dis-
tribution pattern where the inflection point of ψ departs from the ori-
ginal distribution at an intermediate depth (panel c1).
Unlike homogeneous soil structures, the distributions of hydraulic

variables ψ, θ, and K for stratified structures in panels (f) to (h) of Fig. 5
were complex, particularly near the borders between layers. In both
homogeneous and stratified structures, however, it should be noted that
the downward flux, fd was constant or monotonically decreased with
increasing depth throughout the transient process from one steady state
to another in response to increasing rainfall intensity. Consequently,

Fig. 4. Comparison between the runoff rate calculated by SFE with p= 0.3 and
k = 27 and the outflow rates calculated by the numerical experiments with
various soil sructures. Panels (a) and (b) are the increasing and recession stages,
respectively.
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Fig. 5. Changes in the distribution of ψ (a1–h1), θ (a2–h2), K (a3–h3), and fd (a4–h4) in the increasing (blue lines) and recession stages (red lines) for the eight types
of soil structures in the column. Orange thick line: hydrostatic equilibrium. Gray thick line: steady state with fd= 1 mm h−1. Light-green thick line: steady state with
fd= 10 mm h−1. Number in each panel indicates the elapsed time (hour) from the beginning of each experiment, and symbols s and h indicate 10 and 30 min from
the start, respectively.
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smooth curves of fd compared to the hydraulic variables are illustrated
in each of the bottom panels (f4) to (h4) of Fig. 5. Therefore, even
though the distributions of variables were varied considerably, we be-
lieve that their complex shapes resulted from the calculation processes
(i.e., Eq. (3)), which ensured that smooth distributions of fd are pro-
duced from the boundary conditions.
For KES, the propagation time calculated from va was 1.36 h, shorter

than that for SA, SB, and SAB. This may be caused by the soil structure,
consisting of soils with relatively small differences between θr and θs
(Fig. 2 and Table 1c), responding to an early increase of u (Fig. 4). The
distribution for soil column LSA exhibited an interesting shape due to
an immediate transmission in the both side layers with LM and a delay
of the transmission was mainly created in the SA layer sandwiched
between the LM layers (Fig. 5f2). Hence, the delay in the transmission
through the 30 cm SA zone was calculated as 1.6 h (Eq. (17)), matching
the timing of the increasing start time for LSA in Fig. 4.
From the distributions of hydraulic variables for three stratified

structures (Fig. 5f to h), it is apparent that the downward fluxes (fd)
were similar to those found in the homogeneous soil structures. Con-
sequently, we suggest that the dependences of u on the behaviours of
VUF may be generally applicable, irrespective of whether soil hydraulic
properties in the column are homogeneous or heterogeneous.

3.4. Recession stage from a steady state

At the beginning of the recession stage, time was required for the
transmission of a sudden flux change at the soil-layer surface to the
bottom (Fig. 4). This is represented by each curve in both panels of
Fig. 6, which exhibited a small region showing a storage decrease ac-
companied with little decrease of u at the beginning of recession stage.
However, each curve in Fig. 6 was soon connected to a smooth curve
with an intrinsic outflow and storage relationship.
Because the surface boundary condition changed from constant

rainfall intensity to zero at the beginning of Exp. 3, fd always increased
with increasing depth throughout the recession stage. When soil hy-
draulic properties were homogeneous (panels [a] to [e] of Fig. 5), the
variables ψ, θ, and K increased monotonically with increasing depth.
These monotonic increases may be reflected in smooth decreasing
curves of u without abrupt changes in Fig. 4 and smooth curves of the
distributions of the variables without inflection points in Fig. 5. Al-
though the increasing start time and inflection point were created in an
increasing stage (Section 3.3), the entire column in a recession stage

was always included within the zone controlled both by advective and
diffusive terms of Eq. (15). Consequently, Fig. 6 shows that relation-
ships between outflow and storage exhibited smooth curves throughout
the recession stage, and that the gradients of these curves were com-
parable with the gradient controlled by parameter p of SFE.
The outflow and storage relationships in the dimensionless scale in

Fig. 6(b) demonstrate that all curves in the recession stage from Exp. 3
were parallel to those in a string of relationships under steady-state
conditions obtained from Exp. 4 (except near the beginning of the re-
cession stage). The parallel curves for all soil structures were slightly
upwardly convex and their gradients increased with decreasing outflow
rates.
Comparing responses among the five homogeneous soil structures,

those producing late increasing start time of u, arising from the effect of
the near-surface zone controlled only by the advection term in the in-
creasing stages (e.g., SA and SB), tended to have smaller p values in the
recession stage, whereas those structures characterized by gradually
increasing curves (e.g., LM and PF) had larger p values. Intermediate p
values were detected for CR, which produced an intermediate curve
characteristic for u. Such dependences of p value on soil hydraulic
properties are examined in Exps. 5 and 6 in Section 3.5.
For each of the three stratified soil structures (LSA, KES, and SAB),

the increase in fd with increasing depth (Fig. 5f4–h4) was similar to that
for each of the homogeneous structures even though those for ψ, θ, and
K for each stratified structure were considerably deformed near the
layer junctions. Such a low sensitivity of fd to heterogeneities is re-
flected in their similar shapes compared to those with homogeneous
properties both in hydrographs (Fig. 4) and in the outflow-storage re-
lationships (Fig. 6). Therefore, it is noted that the outflow-storage re-
lationship can be approximated by a power-law equation in SFE even
though the soil structure is heterogeneous.

3.5. Parameterization of vertical unsaturated flow for the runoff-storage
relationship

In order to determine dependences of p values included in SFE on
soil hydraulic properties and soil column lengths, additional numerical
experiments (Exps. 5 and 6) were conducted for soil columns with
hydraulic properties of SB. Experiment 5 focused on a recession stage
similar to Exp. 3, although the length of the column and the flux in-
tensity for the initial steady state conditions were set as 200 cm and
100 mm h−1, respectively. Experiment 6 was similar to Exp. 4 for a

Fig. 6. Relationships of storage to outflow rate for
the soil column with those of watershed storage to
runoff rate calculated by SFE. (a): The storages Sd and
Sf are respectively plotted against u and qf in a
normal scale. Dashed line and dashed-dotted line
show the u-Sd relationship in the increasing stage
without and with increase of u, respectively, and
solid line shows that in the recession stage.
Relationship between qf-Sf is plotted by crosses. (b):
The dimensionless storage S* is plotted against u in a
double logarithmic scale. Solid line shows the u-S*
relationship in the recession stage. Dotted line shows
the string of relationships under steady states with
various constant rates of u. Lines on the bottom-right
corner show the gradients of power law functions
with various p values, although the function with
p = 0.3 is specified by crosses.

M. Tani, et al. Journal of Hydrology 588 (2020) 124982

9



string of the steady-state responses of VUF to various rainfall intensities,
but the calculations were made for eight columns with lengths, D, of 10,
20, 30, 50, 70, 100, 150, and 200 cm.
The relationships of S* to u calculated from the experiments are il-

lustrated in Fig. 7. The relationship between u and S* directly calculated
from the hydraulic properties K and θ for SB (hereinafter called the θ-K
base relationship) is also plotted in Fig. 7 by substituting steady-state
flux, u, into K and converting θ to S* using Eqs. (6), (10)–(13). Fig. 8
shows the distributions of θ in the 200 cm soil column at several time
points during the recession stage (Exp. 5) and those under the steady-
state conditions (Exp. 6) producing the same u value as in the recession
stage.
The vertical distribution of θ for steady-state conditions obtained

from Exp. 6 was generally segmented into two zones (Fig. 8): vertical
lines near the surface were originated from the advection term of

Darcy’s law in Eq. (15), and K values along these lines were regarded
equal to the downward steady-state flux, fd, and rainfall intensity, r,
because =z/ 0 in Eq. (15). On the other hand, our bottom boundary
condition ψ = 0 enforced higher K values than fd and values of z/
close to −1 in Eq. (15) near the bottom. Consequently, both distribu-
tions in the recession stage and under steady-state conditions ap-
proached hydrostatic equilibrium near the bottom. The former zone
near the surface and the latter zone near the bottom are hereinafter
defined as an ‘advection zone (AZ)’ and an ‘asymptotic equilibrium
zone (EZ)’, respectively.
The gradients of u-S* relationships were then examined. The θ-K

base relationship can be regarded as the u-S* relationship for a very
long soil column (Fig. 7) where the proportion of EZ to the total column
length is negligible because most of this column is within AZ (Fig. 8).
Therefore, u-S* curves under steady-state conditions approach the θ-K
base relationship as column length increases (Fig. 7); thus, we recognize
that the smallest p value in response to a given range of u is determined
by the θ-K base relationship derived from soil hydraulic properties.
In contrast to long columns, the u-S* relationships for short columns

exhibited large p values approaching unity, indicating the linear re-
lationship between u and S*, as column length decreased (Fig. 7). This
may reflect the distribution of θ under steady-state conditions (Fig. 8):
the distribution of a steady-state flux is controlled only by the bottom
boundary condition but not dependent on the column length. Conse-
quently, the steady-state distribution of θ illustrated for depth from the
bottom (200 cm) to 200-D cm (Fig. 8) may represent the distribution of
θ for the soil column with length of D, and almost the entire portion of a
column with a very small D value may reside within EZ. For the soil
hydraulic properties of SB, therefore, the range of p may range from
unity for a short column residing mostly in EZ to a small value for a long
column derived from AZ (Fig. 7).
Interestingly, this dependence of p on the proportion of the AZ and

EZ zones is also detected in the dependence on the hydraulic properties
in each homogeneous soil (Fig. 6). For example, Fig. 5(d2) shows most
of the column LM was covered within EZ or a transition zone between
EZ and AZ under steady-state conditions with u= 1 or 10 mm h−1, but
vertical lines representing AZ were not contained in the steady-state
distributions. These distributions may be reflected in the value of p for
LM (Fig. 6b), that is, p ≈ 1 for u = 1 mm h−1 and a slightly smaller p
value for u = 10 mm h−1. On the other hand, Fig. 5(a2) shows that
most of the column for SA was covered with AZ under the steady state,
resulting in the smallest value of p for a local u value in Fig. 6(b). The
slightly higher p value for SB compared to SA can be explained by the
shorter AZ for SB (compare Fig. 5b2 and a2).
Consequently, we can conclude that dependences of p values on soil

hydraulic properties and soil column lengths are mainly controlled by
the vertical distribution of θ in a column with a given length under a
steady-state condition. Because this distribution may be controlled by
the soil pore-size distribution in Eqs. (6) and (7) (Kosugi, 1996) and ψm
is incorporated as a parameter originated from the median pore radius,
a dimensionless parameter, δ, was introduced here to parameterize the
characteristics of vertical unsaturated flow for the p values.

= D/ m (18)

Fig. 9 shows the dependence of p on δ in response to u= 1 mm h−1

based on the results of Exp. 6. Eight plots for SB and a plot for each of
other four soil types indicate the results for columns with lengths from
10 to 200 cm and the result for the 70 cm column, respectively. Besides,
p values for the θ-K base relationships of these soils are also plotted at
the right side. Although soil hydraulic properties and column length
both involve the dependence, the decreasing tendency of p from 1 to a
small value given by the θ-K base relationship can be consistently de-
tected in response to increasing δ value.
Accordingly, δ may play an important role in the hydraulic beha-

viours of VUF. Such a dimensionless parameter defined as a ratio of
vertical soil-column length to representative pressure head was often

S

u

p

Fig. 7. Comparison of dimensionless storage, S*, to outflow rate, u, among soil
columns of different lengths with hydraulic properties of SB. Black line is the
string of relationships under steady states with various constant rates of u (Exp.
6), and number by the line is the column length (cm), although the string of
relationships in the 200-cm column is specified by a red line. Red circle is the
relationship in the recession stage from the steady state with u of 100 mm h−1

in the 200 cm column (Exp. 5). Number by each of the circles indicates the
elapsed time (hour) from the steady state, and the meanings of s and h are the
same as in Fig. 5. Blue line indicates the θ-K base relationship. Lines and crosses
at the bottom-right corner are the same as in Fig. 6.

Fig. 8. Comparison of the distributions of volumetric water content under
steady-state (black line; Exp. 6) and in the recession stage (red line; Exp. 5) for a
soil column with a length of 200 cm. Orange thick line: hydrostatic equilibrium.
Light-green thick line: steady state with fd= 100 mm h−1. Numbers by lines in
the recession stage indicate the elapsed time (hour) from the steady state, and
the meanings of s and h are the same as in Fig. 5.
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introduced by similarity analyses of unsaturated flow (Miller and
Miller, 1956; Verma and Brutsaert, 1970; Tani, 1982, 1985b). However,
the basic hydraulic findings from these studies have been rarely used
for the hydrological studies on storm runoff response (Tani, 1985a;
2013). It is believed that our finding on parameterization of VUF for the
relationship of p to δ may contribute to a new perspective about a
coupling of hydrology with soil physics.

4. Discussion

4.1. Effects of soil wetness on outflow response

Our numerical experiments strongly suggest that VUF may produce
rapid outflow responses to storm rainfall regardless of the type of soil
structure as long as the entire soil layer is already wet in a CAP. This
suggests the lateral flow, receiving outflow from the vertical flow
process, is so fast that storm flow hydrograph is little deformed through
the lateral process in a CAP. We first discuss the rationale why such
rapid responses were produced from VUF.
The interdependence of outflow and storage was detected in the

increasing stage from one steady state to another only after the in-
flection point of ψ departs from its original distribution under the initial
steady state (Fig. 5), resulting in a creation of increasing start time of u
(Fig. 4). However, the timescale of this increasing start time is sig-
nificantly different between wet conditions during CAP and dry con-
ditions prior to a rainfall event.
Note that the usual range of rainfall intensity, r, from 1 mm h−1 for

a very gentle intensity to 100 mm h−1 for an extraordinarily heavy
storm is limited small compared to the full range of unsaturated hy-
draulic conductivity, K, and that this may cause large effects of soil
wetness on the outflow responses. Because sufficient cumulative rain-
fall occurs from the start of the event during a CAP, the range θ at every
depth of the soil column is included only in a small wet portion of the
full range from θr to θs. This small fluctuation range of θ results in a
large va (Eq. (17)) and may explain why the VUF during a CAP can
produce a rapid runoff response with an early increasing start time.
Such a rapid response was observed not only in our study hillslope, SL,
(Fig. A4) but also in a small unchanneled watershed, CB1 (Torres et al.,
1998; Ebel and Loague, 2008).
On the other hand, we should note that K values for dry soils prior to

a rainfall event are several orders of magnitude lower than those during
a CAP because of the effects of evapotranspiration and infiltration

during the previous rainless period. Consequently, remarkably different
behaviours are produced from the VUF under different wetness condi-
tions due to the nonlinear relationship of K to θ: much rainwater at the
beginning of an event is absorbed when the soil column was dry,
whereas most of the rainwater received during a CAP rapidly con-
tributes to outflow even though its increasing start time may be created.
This large effect of soil wetness on VUF clearly explained the

characteristics of the relationships between total storm rainfall and
runoff SL and MN (Fig. A2), which were composed of a dependence of
storm runoff volume on the initial runoff rate and a large allocation of
rainwater volume to storm runoff volume after large cumulative rain-
fall. Accordingly, threshold responses discussed by previous studies
(Noguchi et al., 1997; Tani, 1997; Graham and McDonnell, 2010; Ali
et al., 2013, Dusek and Vogel, 2016) may, at least partly, be explained
by the hydraulic behaviours of VUF, as discussed here.

4.2. Sensitivity of outflow response to spatial heterogeneities

Next we discuss the dependency of outflow response on spatial
heterogeneities that characterize a natural hillslope soil. To address
this, it is important to understand differences in hydraulic character-
istics between lateral and vertical water flow systems in the soil.
Groundwater flow in the saturated zone plays a main role in the

lateral-flow system contributing to storm runoff response (Tani, 2008;
Dusek et al., 2012). Because all the pores included in the soil are filled
with water due to the positive pressure potential in the saturated zone,
flow velocity is mainly controlled by large pores with small friction
resistances. Even though most of the soil layer is occupied by the soil
matrix, flow through a preferential path may play a dominant role in
the lateral system, where this exists. Particularly, we should note the
large difference in the position of the groundwater table during a CAP:
the soil layer without preferential paths may contain a substantial sa-
turated zone due to a large rise of water table in response to heavy
rainfall, whereas the unsaturated zone coupled with a low water table
remains in the layer containing preferential flow paths because of the
effective drainage of groundwater through them.
The hydraulic behaviour in many preferential pathways cannot be

described by Darcy’s law but rather by the Manning equation, pre-
viously derived from measurements of undisturbed soil with natural
pipes (Kitahara, 1993) and hydraulic experiments using artificial pipes
(Sidle et al., 1995; Tsutsumi et al., 2005). However, the spatial dis-
tribution of Ks in the soil matrix and the resistance for a preferential
flow network are very difficult to estimate due to their large hetero-
geneous distribution. This causes a fundamental problem for evaluating
the effects of lateral flow on runoff response because the velocities
through preferential flow networks range across several orders of
magnitude (Anderson et al., 1997; Uchida et al., 2003).
Hence, although many observational studies suggest that storm

runoff responses were produced through the lateral flow system, in-
cluding preferential flow paths (McDonnell, 1990; Sidle et al., 2001;
Uchida et al., 2005; Guo et al., 2014), these individual findings can be
hardly extended to a general quantification about the roles of the lateral
system. This is because of the unknown spatial distribution of these
paths. Indeed, it is extremely difficult to formulate the necessary gen-
erality required for modelling processes within a soil with abundant
heterogeneities, unlike a homogeneous system (Sidle et al., 2001;
McDonnell et al., 2007; Troch et al., 2009).
Effects of the heterogeneities on the VUF may be significantly dif-

ferent from those impacting lateral flow systems. Connecting paths
around living or decayed tree roots certainly produce a quick bypass
flow in the unsaturated zone (Noguchi et al., 1999; Liang et al., 2011;
Ghestem et al., 2011), but the contribution of rapid flow through them
may be insufficient to allow a large volume of storm runoff that is
nearly equivalent to the rainfall volume in a CAP. The soil matrix
surrounding these paths may also play a role in the production of the
large runoff volume (Tsuboyama et al., 1994). In addition, our analysis

Fig. 9. Dependence of p on δ in response to u= 1 mm h−1 based on the results
of Exp. 6. Eight plots for SB (gray circle) and a plot for each of other four soil
types (triangle) indicate the results for columns with lengths from 10 to 200 cm
and the result for the 70 cm column, respectively. Dashed line at the right side
indicates θ-K base relationship for each soil.
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on VUF has demonstrated that the propagation of ψ within the soil
matrix in a CAP has enough impact to produce a quick storm response
(Figs. 4 and 5). The effects of heterogeneity on VUF are examined next,
based on an application of soil physics.
Let us consider a storage change in an unsaturated zone in response

to a change in the vertical flux. This process follows the continuity
equation derived from Eqs. (3) and (15) as:

=
t

f
z
d

(19)

Hence, a temporal change in θ in a local thin horizontal layer within
the unsaturated zone generally arises in response to a change in fd (L
T−1) passing through it, as long as the layer is under a non-steady state.
Because such a change from θ to θ+ Δθ occurs at every local layer, the
local change is extended to a change in storage of a large portion of the
soil column.
Such an interdependence between θ and fd does not occur before the

inflection point of ψ departs from its original distribution under an
initial steady state (Fig. 5). Because this isolation of the surface zone
from the layer bottom does not occur during a recession stage, however,
it should be emphasized that the interdependence at a local point may
strongly support a close relationship of u to the total storage in the
entire soil column approximated by SFE as shown in the u-S* relation-
ships (Fig. 6b).
Note that this interdependence is derived from Δθ at each local

point in the soil column during a recession stage. Then, the effects of
heterogeneities can be easily understood: because water is pre-
ferentially retained smaller pores by capillary forces compared to larger
ones in an unsaturated zone, θ can be described by the relationship
C =d d( / ) as the pore capillary pressure distribution function (Kosugi,
1994), and thus:

= C d( ) ( ) (20)

Because this equation may be generally applied to any soil, even for
PF with a small amount of fine particles, the dependence of the storage
change in the entire soil column on Δθ occurs in all soil types. This
common characteristic found in an unsaturated zone is particularly
important because the outflow rate and the entire column storage are
always interdependent whether the distribution of soil hydraulic
properties is homogeneous or not, causing that the sensitivity of the
interdependence to heterogeneities of soil structure may be generally
small. This is because preferential paths with large pores that char-
acterize heterogenous soils, may play only a limited role in the VUF due
to their small capillary forces, unlike the lateral flow system.
We can therefore conclude that the approximation of storm runoff

responses by SFE may be commonly acceptable by regarding the VUF as
the main mechanism of stormflow generation, irrespective whether the
soil structure is homogeneous or heterogeneous.

4.3. Connection between vertical and lateral flow processes

Vertical flows both in the soil matrix and via preferential paths can
produce storm runoff responses (Fig. 1). In a CAP, however, a large
magnitude storm runoff must be produced through lateral flow pro-
cesses from water provided by vertical flow throughout almost the
entire slope area. Because our findings from this paper are limited only
to vertical processes, it has not been demonstrated what downslope-
drainage processes produce large-magnitude storm runoff responses in
CAPs. However, some field studies showed that rainfall-runoff re-
sponses were mainly produced through VUF and lateral flow process
gave little deformation to storm flow hydrograph.
Although characteristics of storm runoff responses are qualitatively

similar between the watershed MN and the hillslope SL in
Tatsunokuchi-yama Experimental Watershed (see Appendix 1), the
geology of 96% of the area in MN is different from that of SL. Instead of

a thin soil layer overlying a hard quartz porphyry bedrock at SL, hill-
slopes in MN generally have deep weathered Paleozoic sedimentary
bedrock, and most rainwater infiltrates into this deep zone. A recent
study by Hosoda and Tani (2016) monitored the responses of the
groundwater table in the weathered bedrock including the formation of
clays and joints, on a general hillslope in the MN (see the location in
Fig. A1), demonstrating that the water table quickly rose and fell after
the entire soil layer became sufficiently wet. In such wet conditions, an
analysis of SiO2 concentration showed more than half of the stream
water was occupied by pre-event water.
The volume of storm runoff for MN was almost the same as that of

rainfall in CAPs (Fig. A2). During these wet periods, the conversion of
hyetograph to the hydrograph might be created through vertical flow
processes because the hydrograph responses were mostly synchronized
with groundwater-table responses (Hosoda and Tani, 2016). Such
synchronization cannot be explained unless fissures in the bedrock
played a role in groundwater drainage as noted in another watershed
underlain by sedimentary bedrock (Onda et al., 2001).
Another field study in a small steep watershed in the Rokko

Mountains, Japan was conducted based on observations from numerous
wells in weathered granite bedrock (Kosugi et al., 2011). This study
showed triple-peak runoff responses at different timescales controlled
by groundwater in two regionalized bedrock aquifers and the soil-
mantle groundwater, although most mountainous watersheds do not
show such multiple-peak runoff responses. Kosugi et al. suggested that
these unique hydrological processes might be affected by diastrophic
activities producing many fault lines. The synchronization of responses
between the groundwater-table and stream water may support our ar-
gument on the flow mechanism: although a large lag time for each of
the two slower runoff peaks is not in the range of stormflow responses,
the results at this site can be understood by our concept that the con-
versions of hyetograph to hydrograph might be mainly created not
through lateral flow processes but through vertical flow processes.
Based on the results obtained from watershed and hillslope ob-

servations previously described, as well as from our numerical experi-
ments, we conclude that vertical flow component, not lateral one, may
play a dominant role in the conversion from the hyetograph to hydro-
graph in a CAP (see Fig. 1), although the spatial scale involved in
vertical processes is generally much shorter than for lateral flow pro-
cesses. This tendency provides a novel point for physically-based storm-
runoff models because the rainfall-runoff responses may depend more
strongly on properties involved in vertical flow than those for lateral
flow. Indeed, Montgomery and Dietrich (2002) showed that the time
lag between rainfall and runoff for a steep hillslope depended little on
slope gradient but was rather controlled by the soil moisture retention
curve, suggesting a larger contribution of VUF to rainfall-runoff re-
sponses.
Some studies proposed runoff models treating VUFs independently

from the total runoff processes on a hillslope (Ohta et al., 1983; Tani,
1985a; Dusek et al., 2012) although vertical preferential flow and lat-
eral flow system may also be involved in storm runoff responses as
shown in Fig. 1. Our discussion above may suggest a rationality in these
models. Certainly, dependences of storm runoff responses on watershed
properties might emerge from more sophisticated models based on the
three-dimensional form of the Richards equation (VanderKwaak and
Loague, 2001; Sudicky et al., 2008; Mirus and Loague, 2013). None-
theless, we should note that preferential paths constructed of large
pores work in effective lateral drainage routes insofar as they are in-
cluded in the saturated zone (Section 4.2). This effect, derived from
strong spatial heterogeneities, suggests a serious limitation to any kinds
of models based on the Richards equation, because the modelling
method representing such severe heterogeneities has yet to be devel-
oped (Montgomery and Dietrich, 2002; Uchida et al., 2005; Ebel et al.,
2007; Chifflard et al., 2019).
Consequently, storm runoff models not only focusing only on ver-

tical processes, but also describing the three-dimensional processes,
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suffer from similar problems related to quantifying the effects of het-
erogeneous preferential flow networks on storm runoff responses. A
next stage of the runoff model development must specify each effect of
the vertical and lateral processes on the responses.
Our study has demonstrated that storm runoff responses in a CAP

approximated by SFE can be roughly explained by VUF although the
effects of the subsequent lateral flow on the hyetograph-hydrograph
conversion may not be addressed. Probably, preferential paths provide
rapid lateral drainage of groundwater (Anderson et al., 1997;
Montgomery and Dietrich, 2002; Dusek et al., 2012), resulting in a
small contribution of the lateral flow to hydrograph change. However,
it is a fundamental question whether such a rapid drainage generally
occurs on a steep hillslope.
We assume that subsurface structures including preferential paths

are developed through long time-scale processes: field investigations for
steep hillslopes in tectonically active regions have suggested that the
subsurface structures producing runoff processes may have evolved
through geomorphological processes supported by vegetation effects
(Shimokawa, 1984; Heimsath et al., 1999; Roering et al., 2002;
Istanbulluoglu and Bras, 2005; Matsushi and Matsuzaki, 2010, Sidle
and Bogaard, 2016). However, the support of vegetation root system is
not sufficient to maintain slope stability for this long period against
often occurrences of large-magnitude storms because a rise of the
groundwater table often triggers a landslide occurrence (Montgomery
et al., 2009; Milledge et al., 2014; Boggard and Greco, 2015).
Consequently, it is needed to restrain the rise of the groundwater

table by the effective drainage of groundwater preferential flow paths
(Tani, 2013; Matsushi et al., 2016; Watakabe and Matshushi, 2019).
Further interdisciplinary studies are needed to understand a connection
between a short-timescale hydrological process producing storm runoff
responses and a long-timescale geomorphological process creating the
subsurface structures.

5. Conclusions

Hydrological studies on flood control suggest that the storm runoff
response to rainfall in quasi-steady-state periods, when a large constant
portion of rainfall is allocated to storm runoff, could be simulated by a
simple runoff model based on a power-law equation between runoff
rate and watershed storage. Our paper examines why this model pro-
duces good results using numerical experiments with the one-dimen-
sional vertical form of Richards equation. The findings are summarized
as follows:

1) The propagation of the pressure head through vertical unsaturated
flow could produce a rapid response in the outflow rate from the
bottom boundary of the soil column similar to storm runoff response
observed on a hillslope, regardless of soil hydraulic properties.

2) Vertical distribution of pressure head in the soil column during an
increasing stage from an initial steady state to another with higher
rainfall intensity was characterized by the creation of an inflection
point below the wetting front, above and below which the pressure
head decreased and increased with increasing depth, respectively:
the shape of outflow hydrograph was controlled by the depth where
the inflection point departed from its original distribution under the
initial steady state.

3) Although the delay of increasing start time of outflow rate in an
increasing stage was small enough to produce rapid storm runoff
responses during a quasi-steady-state period, the absorption of
rainwater within dry soil did not usually contribute to storm runoff
response at the beginning of a rainfall event. This could partly ex-
plain the so-called threshold storm-runoff response.

4) The outflow rate and the total storage in the entire soil column were
interdependent throughout the recession stage. The outflow-storage
relationship was approximated by a simple power-law equation, and

such an approximation was originated from a string of relationships
of the total storage to constant outflow rate under steady-state
conditions.

5) The exponent of the power-law equation reflected the distributions
of hydraulic variables in the soil column and was controlled by a
ratio of vertical soil-column length to representative pressurehead:
the exponent ranged from unity, linear outflow-storage relationship,
for a small ratio to the smallest value for a large ratio, originating
from the relationship between hydraulic conductivity and volu-
metric water content for the given soil.

6) The reason why the outflow rate and the entire column storage are
interdependent was derived from the characteristic of the un-
saturated zone, where water is preferentially retained in smaller soil
pores with large capillary forces compared to larger ones. This in-
terdependence occurs irrespective of whether the distributions of
soil hydraulic properties are homogeneous or not, resulting in a low
sensitivity of outflow response to soil heterogeneities. This may
provide a rationale for applying simple runoff models to storm
runoff responses.

7) Because every runoff model representing three-dimensional pro-
cesses on a hillslope suffers from problems related to quantifying the
effects of heterogeneous preferential flow networks on storm runoff
responses, a next stage of the runoff model development must spe-
cify each effect of the vertical and lateral processes on the responses
in consideration of the heterogeneities.

Large dependences of storm-runoff responses on vertical un-
saturated flow processes estimated from this study may encourage the
development of innovative physically-based runoff models. This may
also suggest the need for future interdisciplinary studies consisting of
hydrology and geomorphology to ascertain characteristics of hetero-
genous lateral flow systems in steep hillslopes.
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Appendix 1. Applicability of storage function model to hillslope-scale observational results

We examine whether the application of SFE to runoff responses in CAPs at a watershed scale can be applied at a hillslope scale. This assessment is
made because scale issues derived from spatial differences from hillslopes to watersheds have been widely discussed in hydrology (Blöschl and
Sivapalan, 1995; Sivapalan, 2003; McGuire et al., 2005; Clark et al., 2009; Asano et al., 2009; Sidle et al., 2017). Hence, we reanalyze a hydrometric
observation on a steep planar hillslope with a thin soil layer.

A1.1. Site description of study hillslope

For this examination, storm records in July 1987 on a steep planar hillslope without a riparian corridor in the Tatsunokuchi-yama Experimental
Watershed, Okayama, Japan were assessed (Fig. A1). These observations were conducted by the Forestry and Forest Products Research Institute and
the data analysis and site description were reported by Tani (1997). A long-term hydrological study in a small watershed, Minamitani (MN: 22.6 ha)
in Tatsunokuchi-yama, has continued since 1937, and runoff responses to storms have been assessed by several studies (Tani and Abe, 1987; Tani
et al., 2012; Hosoda and Tani, 2016). Our study hillslope (SL) located inside of the MN watershed is underlain by quartz porphyry although about
96% of the watershed is underlain by Paleozoic rock formations.
The topography of the SL is steep (34.6°) and short (42.7 m), and the soil layer is thin compared with most slopes in MN. Runoff discharge from a

trench at the toe of the slope was monitored using a 6 m long brick wall tightly fixed to the exposed bedrock along the stream channel. The
contributing area of SL was estimated at 500 m2; average width was 11.7 m, and slope length was 42.7 m. This width is larger than the bottom width
(6 m), suggesting that water flow converges from the wider upslope area despite its planar surface topography. Soil textures are clay loam and sandy
loam produced from the bedrock, and the saturated hydraulic conductivity was estimated as 1.7 to 6.3 × 10−3 cm s−1. Observations of the soil
profile at the trench showed that the mineral soil contained many macropores which preferentially produced much runoff discharge during storms.
An old landslide scar existed halfway up the slope with bedrock exposed at the headwall of the landslide. Soil depth varied along the slope with an
average depth of about 50 cm.
In addition to measuring runoff discharge, pressure head was monitored at 10, 30, and 50 cm depths at T4, 11.0 m upslope from the trench. These

observed values were used to examine the applicability of the Richards equation to the pressure head propagation. The observations in SL were
conducted between January 1986 and November 1987.

A1.2. Model applicability

The basic characteristics of storm runoff responses for SL were similar to those for the entire MN watershed, despite different geology, topo-
graphy, and spatial scale (Tani and Abe, 1987; Tani, 1997). Fig. A2 shows relationships of total storm rainfall and runoff at SL and MN. The
relationships between the cumulative rainfall and storm runoff for our target storm event in July 1987 (the total rainfall = 137 mm) and total runoff
from MN and SL (48 mm and 69 mm, respectively) are plotted in panels (Fig. A2a) and (Fig. A2b). In addition, the relationship for an event in
September 1976, in which the total rainfall and storm runoff were 375 and 248 mm, respectively, one of the largest storms in the 80-year observation
periods of MN, is also plotted in Fig. A2(a).
In both MN and SL, when rainfall was small, total storm runoff was very low because most of the rainwater was stored in the soil, and this storage

effect depends on antecedent moisture conditions, as indicated by the initial runoff rates of MN before the event. In both MN and SL, storm runoff
occur until a threshold of rainfall was reached, although this value depends on the antecedent moisture conditions. The rate of increase in storm

Fig. A1. Location map of Minamitani catchment (MN) and study hillslope (SL) in the Tatsunokuchi-yama Experimental Watershed. Hatched area is underlain by
quartz porphyry but other is by Paleozoic rock formations. The area surrounded by a thick-dashed line indicates study hillslope observed by Hosoda and Tani (2016).
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runoff was similar to that of rainfall during large storms as shown in the cumulative relationship for the storm of 1976 (Fig. A2a). Although this
tendency occurred in both MN and SL (Fig. A2b), the steeper increase in storm runoff for SL compared to MN may be caused by a more rapid
extension of the stormflow contributing area likely due to the short and steep topography and thin soil layer in SL compared to the averaged slope
properties of MN (Tani, 1997). Hence, when cumulative rainfall is large enough, the concept of ‘saturated rainfall’ in SFM is applicable not only to
the small watershed scale (MN) but also to the planar hillslope (SL).
During the 1976 storm, the threshold for runoff increase in MN occurred around 2:00 on September 10 (Fig. A3), and the cumulative rainfall and

storm runoff volumes up to this threshold were 67 and 4 mm, respectively. The CAP was achieved around 14:00 on September11, and the cumulative
rainfall and storm runoff volumes up to this time were 186 and 54 mm, respectively. Therefore, three stages in the runoff generation mechanism can
be distinguished as follows; (1) initially, rainwater falling onto most of the entire watershed was absorbed in the dry soil in the first dry stage; (2)
then, the area contributing to stormflow generation was extended over the entire catchment; and (3) finally the contributing area was fixed to the
entire watershed because total storm runoff (186 mm) in this period was almost equal to total rainfall (189 mm). Interestingly, a similar and constant
value (5.4 mm h−1) for both rainfall intensity and runoff rate occurred from 10:00 to 14:00 on September 12, suggesting a steady state response to
constant rainfall intensity was achieved in this period for the entire MN watershed. To examine the applicability of SFE to the runoff responses, this
equation set was applied to the storm event by optimizing the parameter values for the hydrograph in the third stage (CAP) using the method of least
squares; optimized values of p and k are 0.3 and 40 mm0.7 h0.3, respectively (Fig. A3). The comparison between observed and calculated hydrographs
clearly demonstrates a distinction in the characteristics of the three stages as well as good agreement between the result calculated by SFE with the
observed hydrograph in the third stage.
Runoff responses in MN and SL during a storm in July 1987 were compared with those calculated by SFE, where the parameters for MN were the

same as those in the 1976 storm (Fig. A3). CAP was not fully achieved for MN because the calculated hydrograph was higher than the observed
hydrograph, but the second transient stage continued until the end of the event. For SL, however, the hydrograph calculated using the optimized k
value (27 mm0.7 h0.3) (obtained by the method of least squares) for the same p value (0.3) agreed with the observed hydrograph in the final stage of
this event after 2:00 on July 19. Hence, the CAP may be roughly achieved although the total runoff (47 mm) in this duration was somewhat smaller
than the total rainfall (60 mm) and a small portion of rainfall was not contributing to storm runoff.
We can therefore conclude that the applicability of SFE is valid for storm runoff responses at a hillslope scale as well at a small watershed scale,

although the cumulative rainfall necessary to achieve CAP was smaller (Fig. A2) and the hydrograph is steeper (Fig. A4) for SL than MN.

Fig. A2. Total storm rainfall and runoff relationships for MN (a) and SL (b). qi: the initial runoff rate of MN. The blue and red lines indicate the relationships between
cumulative rainfall and storm runoff in the storm events in September 1976 and in July 1987, respectively.

Fig. A3. Comparison between observed hydrograph with that calculated by SFE for one of the largest storm events in September 1976 for MN.
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